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Abstract
Lubin conjectures that for an invertible series to commute with a noninvertible series with only simple
roots of iterates, two such commuting power series must be endomorphisms of a single formal group. In this
paper, we show that if the reduction of these two commuting power series are endomorphisms of a formal
group, then themselves are endomorphisms of a formal group.
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1. Introduction
Recently there has been an increasing number of studies of discrete dynamical systems rel-
evant to p-adic numbers. In [6], Lubin studied the iterations of analytic transformations of the
p-adic open unit disk with a fixed point at 0 and found that two commuting transformations
have the same set of pre-periodic points. However, very few interesting commuting examples are
known outside endomorphisms of formal groups. In fact, Lubin [6] conjectures that such a phe-
nomenon is exclusive to endomorphisms of formal group laws. Some dynamical system results
built on these ideas have been reported [3,4,8].
Throughout this paper O is the ring of integers of a finite extension of Qp with maximal
ideal M and residue field k = O/M. We call a power series g(x) ∈ O[[x]] stable if g(0) = 0
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notation, we denote by g◦n(x) the n-fold composition of g(x) with itself, which makes sense for
negative n in case g(x) is invertible.
Suppose F(x, y) is a formal group law over the characteristic 0 ring O. The map
c : EndO(F ) → O given by g(x) → g′(0) is an injective ring homomorphism. We will denote
g(x) ∈ EndO(F ) by [g′(0)]F (x). Let F(x, y) be the coefficient-wise reduction of F(x, y) to k.
(For g(x) ∈ O[[x]], we will also denote by g(x) ∈ k[[x]] the coefficient-wise reduction of g(x)
to k.) Then F(x, y) is clearly a formal group over k. Additionally, if F(x, y) has finite height,
then the reduction map EndO(F ) → Endk(F ) is injective. In fact, Endk(F ) can be a larger ring
than its characteristic 0 counterpart.
With Lubin’s conjecture in mind, one can ask the following question: does the commutativity
of f (x) and u(x) imply that the reductions f (x) and u(x) are endomorphisms of some formal
group over the residue field k? This is still unknown. However, Sarkis [8, Theorem 31] shows
that if u(x) = [α]F (x) and f (x) = [β]F (x) for some formal group F(x, y) with finite height,
where α ∈ Z∗p is not a root of 1 and β ∈ pZp \p2Zp , then f (x) and u(x) are endomorphisms of
a formal group.
Definition 1. Let O be the ring of integers of a finite extension of Qp . For an element α ∈O∗,
suppose that [Qp(α) : Qp] = [Fp(α) : Fp] = n. Then we call α a primitive unramified element
of degree n.
Note that every unit in Zp is a primitive unramified element.
Let A be a ring. We say that a formal group law F(x, y) over k is a formal A-module if there
exists a homomorphism of rings ρF :A → Endk(F(x, y)). From the point of view of formal
A-module, we have the following result that extends the main result of Sarkis in [8].
Main Theorem. Let f (x) and u(x) be stable noninvertible and invertible series over O, re-
spectively, such that f ◦ u(x) = u ◦ f (x). Suppose that u′(0) = α is primitive unramified
and f ′(0) = β ∈ A = Zp[α]. Suppose further that there is a finite height formal A-module
(F(x, y), ρF ) such that f (x) = ρF (β) and u(x) = ρF (α). Then f (x) and u(x) are endomor-
phisms of a formal group defined over O.
Compared to Sarkis’s result, we extend α to more general cases and loosen the restriction on β .
We use the lifting process in a manner similar to the formal group lifting in [2,7]. In Section 2, we
introduce our lifting process. Our lifting process is very similar to the process introduced in [8];
however because we use the formal A-module point of view, for reasons of easy accessibility,
we have chosen to include all necessary details. In Section 3 we lift endomorphisms of height 1
formal groups from k to O and treat the cases for heights greater than 1 in Section 4.
2. Preliminary for lifting process
In this paper, we will prove Lubin’s conjecture with an extra assumption that the reductions
of those commuting power series are actually endomorphisms of a formal group. More precisely,
we start with two stable power series f (x) and u(x) defined over O such that
(1) f (u(x)) = u(f (x)).
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tive unramified of degree s and f ′(0) = β ∈ Zp[α].
(3) There exists a formal A-module (F(x, y), ρF ) of height h such that f (x) = ρF (β) and
u(x) = ρF (α).
We first give a brief summary of the results of formal moduli for formal A-module, where A
is the ring of integers in some finite extension L of Qp and A ⊆O.
Let (F(x, y), ρF ) be a formal A-module over k. Thus, there exists a homomorphism of
rings ρF :A → Endk(F(x, y)). The existence of the universal formal A-module guarantees the
existence of lifts over O of F(x, y); i.e., there is a formal A-module F(x, y) over O that re-
duces to F(x, y) moduloM. In other words, F(x, y) =F(x, y) and [α]F (x) = ρF (α) for every
α ∈ A. We shall call two such lifts F(x, y) and G(x,y) -isomorphic if there exists an isomor-
phism φ(x) :F(x, y) → G(x,y) such that φ(x) = x in k[[x]]. A fundamental theorem for formal
A-module asserts that if [L : Qp] = s and F(x, y) is a formal group of height h, then h = h′s for
some h′ ∈ N and h′ is called the A-height of F(x, y). The “moduli” problem is to classify all lifts
modulo -isomorphism. It turns out that the set of -isomorphism classes of formal A-module
overO which reduce to F(x, y) is naturally identifiable withM×(h′−1). LetO[[t1, . . . , th′−1]] be
the ring of formal power series in h′ − 1 variables over O. Then there exists a formal A-module
Γ (t1, . . . , th′−1)(x, y) defined over O[[t1, . . . , th′−1]] such that
(1) Γ (0, . . . ,0)(x, y) =F(x, y), and
(2) for every α ∈ A, [α]Γ (0,...,0)(x) = ρF (α).
It is clear that Γ (m1, . . . ,mh′−1)(x, y) is a formal A-module which provides a lifting of the
formal A-module F(x, y) to O, for every m1, . . . ,mh′−1 in M. A precise and explicit re-
sult for the moduli theorem for formal A-module is the following. Let F(x, y) ∈ O[[x, y]] be
a formal A-module which lifts the formal A-module (F(x, y), ρF ). Then there is a unique
(h′ − 1)-tuple (m1, . . . ,mh′−1) of elements of M such that F(x, y) is -isomorphic over O
to Γ (m1, . . . ,mh′−1)(x, y).
This result is in fact [2, Theorem 22.4.4] which is proved by using universal isomorphism
of formal A-modules. This result applies especially to cases that consider F(x, y) as a formal
Zp-module. The moduli theorem for formal group due to Lubin and Tate [7] uses a special second
cohomology group for formal group laws.
Now, returning to our situation, the assumption on α implies that Zp[α] = A is the ring of
integers of the unramified extension Qp(α) of Qp of degree s, and the assumption on f (x) and
u(x) implies that there exists a formal group F(x, y) ∈O[[x, y]] of height h with endomorphisms
[β]F (x) and [α]F (x) such that f (x) = [β]F (x) and u(x) = [α]F (x).
Suppose that g(x), w(x) is another commuting pair of power series over O. We say that
(f (x),u(x)) is -isomorphic to (g(x),w(x)) if
(1) f (x) = g(x) and u(x) = w(x), and
(2) there is an invertible series φ(x) ∈O[[x]] such that
φ(x) = x,φ(f (x)) = g(φ(x)) and φ(u(x)) = w(φ(x)).
For the formal A-module (F(x, y), ρF ), we say that the pair (g(x),w(x)) with g(x), w(x) ∈
O[[x]] is a lifting of ρF (β) = ζ(x), ρF (α) = μ(x) if
62 H.-C. Li / Journal of Number Theory 123 (2007) 59–70(1) g(w(x)) = w(g(x)),
(2) g(x) = ζ(x) and w(x) = μ(x), and
(3) g′(0) = β and w′(0) = α.
Suppose now that (g1(x),w1(x)) and (g2(x),w2(x)) are two pairs of liftings of ζ(x), μ(x)
such that g1(x) ≡ g2(x) and w1(x) ≡ w2(x) (modMr ). Then as in [8, Section 3.2] by consider-
ing moduloMr+1, we have the following.
Lemma 2. Let (g1(x),w1(x)) and (g2(x),w2(x)) be liftings of (ζ(x),μ(x)) such that g1(x) ≡
g2(x) (modMr ) and w1(x) ≡ w2(x) (modMr ). Suppose that d(x) = g1(x)−g2(x) and e(x) =
w1(x) − w2(x). Then
d
(
μ(x)
) ≡ d(x) · μ′(ζ(x))+ e(ζ(x)) (modMr+1).
Moreover, there exists φ(x) ≡ x (modMr ) such that
φ
(
g1(x)
) ≡ g2
(
φ(x)
)
and φ
(
w1(x)
) ≡ w2
(
φ(x)
) (
modMr+1)
if and only if there exists θ(x) ∈Mr [[x]] such that
d(x) ≡ −θ(ζ(x)) and e(x) ≡ μ′(x) · θ(x) − θ(μ(x)) (modMr+1).
Lemma 2 naturally leads us to the following definition.
Definition 3. Write Mr =Mr/Mr+1. Zr(ζ,μ) is the k-subspace of Mr [[x]] ⊕Mr [[x]] such that
Zr(ζ,μ) =
{(
d(x), e(x)
)
: d
(
μ(x)
) = d(x) · μ′(ζ(x))+ e(ζ(x))}
and Br(ζ,μ) is the subspace of Zr(ζ,μ) such that every (d(x), e(x)) ∈ Br(ζ,μ) satisfies d(x) =
−θ(ζ(x)) and e(x) = μ′(x) · θ(x) − θ(μ(x)) for some θ(x) ∈ Mr [[x]].
To prove that all liftings of (ζ,μ) are formal group endomorphisms, by the moduli theorem
for formal A-modules, it is sufficient to show that
dimk
(
Zr(ζ,μ)/Br(ζ,μ)
) = h′ − 1, for all r ∈ N.
Therefore, we wish to compute Zr(ζ,μ)/Br(ζ,μ). Notice that if (d(x), e1(x)) and (d(x), e2(x))
are in Zr(ζ,μ), then we have e1(ζ(x)) = e2(ζ(x)) in Mr [[x]]. Since ζ(x) is a noninvertible en-
domorphism of a height h formal group, ζ(x) = ζˆ (xpλh) for some invertible series ζˆ (x) ∈ k[[x]]
and λ ∈ N (see Lubin [6, Main Theorem 6.3]). Hence, we have e1(x) = e2(x) in Mr [[x]]. In
other words, the projection onto the first component (d(x), e(x)) → d(x) is injective. There-
fore, a parametrization of the d(x)’s will be sufficient to parameterize the (d(x), e(x))’s. Since
we will only concentrate on the parametrization of d(x) component, we will use the following
observation extensively. Suppose that (d(x), e(x)) ∈ Zr(ζ,μ). Because
d
(
μ(x)
) = d(x) · μ′(ζ(x))+ e(ζ(x)) and ζ (μ(x)) = μ(ζ(x)),
we have
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(
μ◦2(x)
) = d(μ(x)) · μ′(ζ (μ(x)))+ e(ζ (μ(x)))
= d(x) · μ′(ζ(x)) · μ′(μ(ζ(x)))+ e(ζ(x)) · μ′(μ(ζ(x)))+ e(μ(ζ(x)))
= d(x) · μ◦2′(ζ(x))+ e(ζ(x)) · μ′(μ(ζ(x)))+ e(μ(ζ(x))).
In other words, there exists e2(x) ∈ Mr [[x]] such that (d(x), e2(x)) ∈ Zr(ζ,μ◦2). By induction,
there exists en(x) ∈ Mr [[x]] such that
(
d(x), en(x)
) ∈ Zr
(
ζ,μ◦n
)
, for every n ∈ N.
3. The case h= 1
In this section, we discuss the lifting process for formal groups of height 1. Our goal is to
show that if u(x) ∈ O[[x]] is stable invertible with u′(0) ∈ Z∗p such that u(x) = μ(x) is an au-
tomorphism of a formal group F(x, y) of height 1 over k and f (x) ∈ O[[x]] is noninvertible
which commutes with u(x), then both u(x) and f (x) are endomorphisms of certain formal group
over O.
Since the height of F(x, y) is 1, the moduli theorem says that all the liftings of F(x, y) to O
are -isomorphic.
Lemma 4. Let ζ(x) and μ(x) be a noninvertible endomorphism and a nontorsion automorphism
of a height 1 formal group F(x, y) over k, respectively. Suppose that (d(x), e(x)) ∈ Zr(ζ,μ).
Then d(x) = θ(ζ(x)) for some θ(x) ∈ Mr [[x]].
Proof. Since the height of F(x, y) is 1, without loss of generality, we can assume that F(x, y) ≡
x + y + cCp(x, y) (mod higher degree) where c = 0 and Cp(x, y) is the homogeneous poly-
nomial of degree p given by Cp(x, y) = p−1((x + y)p − xp − yp) (see [1, Lemma III.2]).
Since μ(x) is nontorsion, after iterating μ(x) a certain number of times we can assume that
μ(x) = [1 + apt ]F (x) with a ∈ Z∗p and t sufficiently large. The assumption on F(x, y) implies
that
μ(x) ≡ x + a1xpt + a2xpt+p−1
(
mod xpt+p
)
, with a1, a2 = 0.
Let ζ(x) = ζˆ (xpλ) for some invertible series ζˆ (x) ∈ k[[x]] and λ ∈ N. It is sufficient to show
that d(x) = (xpλ) for some (x) ∈ Mr [[x]]. Indeed, let θ(x) =  ◦ ζˆ ◦−1(x). Then θ(ζ(x)) =
(xp
λ
) = d(x).
Let d(x) = dˆ(xps ) with dˆ ′(x) = 0 ∈ Mr [[x]]. We claim that s  λ. Suppose that s < λ. The
equality
d
(
μ(x)
) = d(x) · μ′(ζ(x))+ e(ζ(x))
implies that
dˆ
(
μ(p
s)(x)
) = dˆ(x) · μ′(ζˆ (xpλ−s ))+ e((ζˆ (xpλ−s ))),
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tiating both sides, gives
dˆ ′
(
μ(p
s)(x)
) · μ(ps)′(x) = dˆ ′(x) · μ′(ζˆ (xpλ−s )). (1)
Write dˆ ′(x) ≡ d1xn (mod xn+1) with d1 = 0. Since
μ′(x) ≡ 1 − a2xpt+p−2
(
mod xpt+p−1
)
,
the initial degree of dˆ ′(x) ·μ′(ζˆ (xpλ−s ))− dˆ ′(x) is n+pλ−s(pt +p − 2). On the other hand, for
calculating the initial degree of dˆ ′(μ(ps)(x)) · μ(ps)′(x) − dˆ ′(x), because we can take iterates of
μ(x) so that pt is sufficiently large (say pt > n + 1) and because
dˆ ′
(
μ(p
s)(x)
) ≡ dˆ ′(x) + dˆ ′′(x) · (aps1 xp
t + aps2 xp
t+p−1) (mod xn+2pt−2
)
,
we have
dˆ ′
(
μ(p
s)(x)
) · μ(ps)′(x) − dˆ ′(x)
≡ dˆ ′′(x) · (aps1 xp
t + aps2 xp
t+p−1)− aps2 d1xn+p
t+p−2 (mod xn+pt+p−1
)
.
From Eq. (1) and the fact that
n + pt + p − 1 < n + pλ−s(pt + p − 2),
we have
dˆ ′′(x) · (aps1 xp
t + aps2 xp
t+p−1)− aps2 d1xn+p
t+p−2 ≡ 0 (mod xn+pt+p−1).
This says that the initial degree of dˆ ′′(x) is n + p − 2. Because n + p − 2 > n − 1, the initial
degree of dˆ ′′(x) being greater than n − 1 implies that p |n. In other words, there is a nonzero
term of dˆ ′(x) which has degree ≡ −1 (mod p). This is absurd, because the characteristic of Mr
is p. 
Theorem 5. Suppose that f (x),u(x) ∈O[[x]] are noninvertible and invertible stable series, re-
spectively, such that f (u(x)) = u(f (x)). If there exists a formal group F(x, y) of hight 1 over k
such that f (x) and u(x) are endomorphisms of F(x, y), then both f (x) and u(x) are endomor-
phisms of a formal group defined over O.
Proof. Since the height of F(x, y) is 1, the endomorphism ring of F(x, y) is exactly Zp . In
other words, every endomorphism of F(x, y) is a reduction of an endomorphism of a formal
group over O. Choose a formal group F(x, y) over O such that the reduction of F(x, y) mod-
uloM is F(x, y) and g(x), u(x) are endomorphisms of F(x, y) such that g(x) = f (x) = ζ(x)
and w(x) = u(x) = μ(x). So, we have (f (x) − g(x),u(x) − w(x)) ∈ Z1(ζ,μ), and hence by
Lemma 4 (for r = 1) and Lemma 2, there exists φ1(x) ≡ x (modM) such that
φ1 ◦ f ◦ φ◦−1(x) ≡ g(x)
(
modM2).1
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φr ◦ · · · ◦ φ1 ◦ f ◦ φ◦−11 ◦ · · · ◦ φ◦−1r (x) ≡ g(x)
(
modMr+1).
The completeness of O shows that there exists
φ(x) = · · · ◦ φr ◦ · · · ◦ φ1(x) ≡ x (modM)
such that φ ◦ f ◦ φ◦−1(x) = g(x). In other words, f (x) is an endomorphism of a formal group
and so is u(x). 
4. The case h > 1
In this section α is a primitive unramified element of degree s, A = Zp[α], and (F(x, y), ρF )
is a formal A-module defined over k of height h > 1. We also write h′ = h/s. In other words,
(F(x, y), ρF ) is of A-height h′.
Suppose that A ⊆O and that f (x),u(x) ∈O[[x]] are noninvertible and invertible stable series,
respectively, such that u′(0) = α, f ′(0) = β ∈ A and f (u(x)) = u(f (x)). We will show that if
u(x) = ρF (α) = μ(x) and f (x) = ρF (β) = ζ(x), then f (x) and u(x) are endomorphisms of a
formal group defined over O.
Recall that in last section (the case h = 1), the proof of Lemma 4 relies heavily on the calcu-
lation of the terms of μ′(x) and μ′′(x). For the case h > 1, these terms are not easy to calculate,
and hence the same argument cannot be applied. However, the following two lemmas in [8] can
ease our calculation.
Lemma 6. Every formal group of height h over k is isomorphic over k to a formal group of the
form
x + y + Γ (xph−1, yph−1).
Proof. The proof is given in [8, Lemma 23]. 
Lemma 7. Suppose that ω(x) ∈ k[[x]] is a nontorsion invertible series. Suppose that λ(x) ∈ k[[x]]
and λ(ω(x)) = λ(x). Then λ(x) = λ(0).
Proof. The proof is given in [8, Lemma 21]. 
Let us explain briefly why Lemma 6 can ease our calculation. It is clear that if F(x, y) =
x + y +Γ (xph−1 , yph−1), then for every n ∈ Z, [n]F (x) = nx + η(xph−1) for some η(x) ∈ k[[x]].
Therefore, [n]′F (x) = n. Now, μ(x) is an endomorphism of F(x, y), and hence μ(x) commutes
with [n]F (x). Differentiating the commutative equation, we have μ′([n]F (x)) · n = n · μ′(x).
Thus, if p does not divide n, then μ′([n]F (x)) = μ′(x). Now Lemma 7 shows that
μ′(x) = μ′(0) = α. (2)
Proposition 8. Suppose that (F(x, y), ρF ) is a formal A-module over k of the form F(x, y) =
x + y + Γ (xph−1 , yph−1), with h > 1. Let ζ(x) = ρF (β) be a noninvertible endomorphism of
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morphism of F(x, y). If (d(x), e(x)) ∈ Zr(ζ,μ), then
d(x) = b1xp(λ−1)h+1 + b2xp(λ−1)h+2 + · · · + bh−1xpλh−1 + 
(
xp
λh)
,
for some (x) ∈ Mr [[x]] and b1, b2, . . . , bh−1 ∈ Mr.
Proof. The proof of this proposition is rather long. We split the proof into three parts. First, we
claim that either d(x) = (xpλh) for some (x) ∈ Mr [[x]], or d(x) = dˆ(xpl ) for some dˆ(x) ∈
Mr [[x]] with dˆ ′(0) = 0 and 0 < l < λh. Then we prove that, in fact, l > (λ − 1)h. Finally we
derive that d(x) has the desired form.
First part: Since μ(x) is nontorsion, after iterating μ(x) a certain number of times we can
assume that μ(x) = ρF (1 + apt ) with a ∈ A∗ and t ∈ N. By the assumption of F(x, y), we can
write μ(x) as x + μˆ(xph−1). Because μ′(x) = 1, for (d(x), e(x)) ∈ Zr(ζ,μ), we have
d
(
μ(x)
) = d(x) · μ′(ζ(x))+ e(ζ(x)) = d(x) + e(ζ(x)).
Differentiating the equation, we have d ′(μ(x)) = d ′(x), and hence according Lemma 7, d ′(x) =
d ′(0). Recall that d(x) is the difference of two liftings, g1(x) and g2(x), of ζ(x) such that g′1(0) =
g′2(0) = β and g1(x) ≡ g2(x) (mod Mr ). So, d ′(0) = 0, and therefore d ′(x) = 0. This implies
that d(x) = d1(xp), for some d1(x) ∈ Mr [[x]].
Now write μ1(x) = μ(p)(x) = x + μˆ(p)(xph−1). Then
d1
(
μ1
(
xp
)) = d1
((
μ(x)
)p) = d(μ(x)) = d1
(
xp
)+ e(ζˆ (xpλh)),
and so,
d1
(
μ1(x)
) = d1(x) + e
(
ζˆ
(
xp
λh−1))
.
Differentiating the latter equation, gives d ′1(μ1(x)) = d ′1(x), and hence according Lemma 7,
d ′1(x) = d ′1(0). Suppose that d ′1(0) = 0. Our claim then follows. Otherwise, we have d ′1(0) = 0,
and hence d1 = d2(xp) for some d2(x) ∈ Mr [[x]]. Repeat this process until we get d ′l (0) = 0 for
some 0 < l < λh. Otherwise, after a λh-fold recursive application of this process we end up with
d(x) = dλh(xpλh).
Second part: We claim that if d(x) = dˆ(xpl ) with dˆ ′(0) = 0 and 0 < l < λh, then l > (λ−1)h.
Again, by using the fact that μ(x) is nontorsion and the height of F(x, y) is h, and by iterating
μ(x) sufficiently many times, we can assume that
μ(x) ≡ x + c1xpt
(
mod xpt+1
)
and
μ◦p(x) ≡ x + cpxpt+h
(
mod xpt+h+1
)
,
for some c1, cp = 0 and t ∈ N (see [4]). Because d(μ(x)) = d(x) + e(ζ(x)),
d
(
μ◦2(x)
) = d(μ(x))+ e(ζ (μ(x))) = d(x) + e(ζ(x))+ e(μ(ζ(x))),
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d(x), e(x) + e(μ(x))) ∈ Zr
(
ζ,μ◦2
)
.
By induction, we have (d(x), e˜(x)) ∈ Zr(ζ,μ◦p) with
e˜(x) = e(x) + e(μ(x))+ · · · + e(μ◦p−1(x)).
Because for i ∈ {1, . . . , p − 1}, μ◦i (x) ≡ x + cixpt (mod xpt+1) with ci = 0, we have
e
(
μ◦i (x)
) = e(x) + e′(x) · cixpt + higher degree.
Notice that by the definition, every lifting has the same degree 1 coefficient, and hence we always
have e′(0) = 0. This implies that the initial degree of e˜(x) is greater than pt . On the other hand,
suppose that the initial degree of e(x) is n. Since the initial degree of d(x) is pl , by comparing
the initial degree of d(μ(x)) − d(x) = e(ζ(x)), we have
pl+t = npλh.
Similarly, suppose the initial degree of e˜(x) is m. Then by comparing the initial degree of
d(μ◦p(x)) − d(x) = e˜(ζ(x)), we have
pl+t+h = mpλh.
Therefore, m = nph > pt , and hence
pl = npλh−t > p(λ−1)h.
This shows that l > (λ − 1)h.
Third part: Suppose that d(x) = dˆ(xpl ), with dˆ ′(0) = 0. Recall that by the assumption of
F(x, y) and by iterating μ(x) sufficiently, we can assume that μ(x) = x + μˆ(xph−1). Now write
μl(x) = μ(pl)(x) = x + μˆ(pl)(xph−1) and dl(x) = dˆ(x) − dˆ ′(0)x. Since
dˆ
(
μl
(
xp
l )) = dˆ((μ(x))pl ) = d(μ(x)),
we have that
dl
(
μl
(
xp
l )) = dˆ(μl
(
xp
l ))− dˆ ′(0) · μl
(
xp
l ) = d(μ(x))− dˆ ′(0) · μl
(
xp
l )
.
Combining this with the fact that d(μ(x)) = d(x) + e(ζˆ (xpλh)) gives
dl
(
μl
(
xp
l )) = dl
(
xp
l )+ e(ζˆ (xpλh))− dˆ ′(0)μˆ(pl)(xph−1+l ),
and hence
dl
(
μl(x)
) = dl(x) + e
(
ζˆ
(
xp
λh−l ))− dˆ ′(0)μˆ(pl)(xph−1).
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dl
(
μl(x)
) = dl(x) + θl
(
xp
λh−l )
,
for some θl(x) ∈ Mr [[x]]. Differentiating this equation and using Lemma 7 gives d ′l (x) =
d ′l (0) = 0. In other words, dˆ(x) = dˆ ′(0)x + dˆl(xp), for some dˆl(x) ∈ Mr [[x]], and hence
d(x) = dˆ ′(0)xpl + dˆl
(
xp
l+1)
.
The proof is completed via a (λh − l)-fold recursive application of this process. 
Now, we can calculate dimk(Zr(ζ,μ)/Br(ζ,μ)).
Corollary 9. Let α be a primitive unramified element of degree s, A = Zp[α] and (F(x, y), ρF )
be a formal A-module defined over k of height h > 1 (A-height h′ = h/s). Let μ(x) = ρF (α) be
a nontorsion automorphism of F(x, y) and ζ(x) = ρF (β) be a noninvertible endomorphism of
F(x, y) with β ∈ A. Then
dimk
(
Zr(ζ,μ)/Br(ζ,μ)
)
 h′ − 1 = h
s
− 1.
Proof. By Lemma 6, without loss of generality, suppose that
F(x, y) = x + y + Γ (xph−1, yph−1).
Our goal is to claim that if ζ(x) = ζˆ (xpλh) with ζˆ ′(x) = 0 and (d(x), e(x)) ∈ Zr(ζ,μ), then
d(x) = d1xp(λ−1)h+s + d2xp(λ−1)h+2s + · · · + dh′−1xp(λ−1)h+(h
′−1)s + (xpλh)
for some (x) ∈ Mr [[x]]. The same argument as in the proof of Lemma 4 shows that
(xp
λh
) = θ(ζ(x)) for some θ(x) ∈ Mr [[x]], and hence by the injectivity of (d, e) → d , we
have dimk(Zr(ζ,μ)/Br(ζ,μ)) h′ − 1.
Recall that by Eq. (2) we have μ′(x) = μ′(0) = α, and hence
d
(
μ(x)
) = α · d(x) + e(ζˆ (xpλh)). (3)
On the other hand, since μ(x) = ρF (α) ≡ αx (mod xph−1) and by Proposition 8,
d(x) = b1xp(λ−1)h+1 + b2xp(λ−1)h+2 + · · · + bh−1xpλh−1 + 
(
xp
λh)
,
we have that
d
(
μ(x)
) ≡ b1(αx)p(λ−1)h+1 + b2(αx)p(λ−1)h+2 + · · · + bh−1(αx)pλh−1
(
mod xpλh
)
. (4)
Combining Eqs. (3) and (4), under the condition bi = 0, gives
α = αp(λ−1)h+i .
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ps − 1 | p(λ−1)h+i − 1.
Since s divides h, we have s | i and the proof is completed. 
Theorem 10. Suppose that f (x),u(x) ∈ O[[x]] are noninvertible and invertible stable series,
respectively, such that f (u(x)) = u(f (x)). Suppose also that u′(0) = α is a primitive unramified
element and f ′(0) = β ∈ A = Zp[α]. If there exists a formal A-module (F(x, y), ρF ) over k
such that u(x) = ρF (α) and f (x) = ρF (β), then both f (x) and u(x) are endomorphisms of a
formal group defined over O.
Proof. We first remark that the stability of u(x) implies that u(x) is a nontorsion automorphism
of F(x, y) (see [6]).
If the height of F(x, y) is 1, then A = Zp and this theorem is just Theorem 5. For height
greater than 1, suppose the A-height of (F(x, y), ρF ) is h′. The moduli theorem for formal
A-module says that
dimk
(
Zr(ζ,μ)/Br(ζ,μ)
)
 h′ − 1.
Combining this with Corollary 9, gives
dimk
(
Zr(ζ,μ)/Br(ζ,μ)
) = h′ − 1.
The moduli theorem for formal A-module implies that if g(x) and v(x) are endomorphisms
of a formal group over O such that (g(x), v(x)) is a lifting of (ζ(x),μ(x)), then for any
(d(x), e(x)) ∈ Zr(ζ,μ) there exists a lifting (h(x),w(x)) of (ζ(x),μ(x)) where h(x) and w(x)
are endomorphisms of a formal group over O such that
(
h(x) − g(x),w(x) − v(x)) ≡ (d(x), e(x)) (mod Br(ζ,μ)
)
.
Now, since (f (x),u(x)) is a lifting of (ζ,μ), for any lifting (g(x), v(x)) of (ζ,μ) which
comes from endomorphisms of a formal group overO, we have f (x) = g(x) = ζ(x) and u(x) =
v(x) = μ(x). Thus,
(
f (x) − g(x),u(x) − v(x)) ∈ Z1(ζ,μ).
Therefore, there exists a lifting (h(x),w(x)) of (ζ(x),μ(x)) which also comes from endomor-
phisms of a formal group over O such that
(
h(x) − g(x),w(x) − v(x)) ≡ (f (x) − g(x),u(x) − v(x)) (mod B1(ζ,μ)
)
.
In other words, by Lemma 2, there exists φ1(x) ≡ x (modM) such that moduloM2,
φ1 ◦ f ◦ φ◦−11 (x) ≡ h(x) and φ1 ◦ u ◦ φ◦−11 (x) ≡ w(x).
Using this argument inductively shows that (f (x),u(x)) is -isomorphic to a pair of endomor-
phisms of a formal group over O, and hence f (x) and u(x) are endomorphisms of a formal
group defined over O. 
70 H.-C. Li / Journal of Number Theory 123 (2007) 59–70Remark 11. Suppose that α is a primitive unramified element of degree h and A = Z[α]. Let
(F(x, y), ρF ) be a formal A module of height h over k. In this case, if ζ(x) is a power series
in k[[x]] such that ζ ◦ ρF (α) = ρF (α) ◦ ζ , then ζ(x) is an endomorphism of F(x, y) [5, The-
orem 3.2]. Since (F(x, y), ρF ) is a formal A-module of A-height 1, ζ(x) = ρF (β) for some
β ∈ A. Therefore, in Theorem 10, if s = h, then the assumption that μ(x) = ρF (α) automati-
cally implies that ζ(x) = ρF (β) for some β ∈ A. As a result, we have to check only the reduction
of u(x). If the reduction of u(x) is ρF (α) for some formal A-module (F(x, y), ρF ), then u(x)
and f (x) are endomorphisms of a certain formal group.
Acknowledgments
The author thanks an anonymous referee for his/her helpful comments which have consider-
ably improved this paper. And the author expresses his gratitude to the Academic Paper Editing
Clinic, NTNU.
References
[1] A. Fröhlich, Formal Groups, Lecture Notes in Math., vol. 74, Springer, Berlin, 1968.
[2] M. Hazewinkel, Formal Groups and Applications, Academic Press, New York, 1978.
[3] F. Laubie, A. Movahhedi, A. Salinier, Systèmes dynamiques non archimédiens et corps des normes, Compos.
Math. 132 (2002) 57–98.
[4] H.-C. Li, p-Adic dynamical systems and formal groups, Compos. Math. 104 (1996) 41–54.
[5] H.-C. Li, On commuting properties of endomorphisms of formal A-modules over finite fields, Acta Arith. 120 (2005)
69–77.
[6] J. Lubin, Nonarchimedean dynamical systems, Compos. Math. 94 (1994) 321–346.
[7] J. Lubin, J. Tate, Formal moduli for one-parameter formal Lie groups, Bull. Soc. Math. France 94 (1966) 49–60.
[8] G. Sarkis, On lifting commutative dynamical systems, J. Algebra 293 (2005) 130–154.
